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3.)

Question: Consider an acoustic wave propagating in a 3D medium with index
of refraction n = n(x, y, z)

a.)

For a short wavelength, constant frequency excitation, so that the ray theory is
applicable, discuss under what circumstances you will be able to solve the ray
equations.

We begin with the wave equation:

∂2ψ

∂x2
+

1

c2
∂2ψ

∂t2
= 0 (1)

If we assume an oscillatory solution to Eq (1), and using the relation n = c0/c,
then we can write:

∂2ψ

∂x2
+
ω2

c2
ψ = 0

∂2ψ

∂x2
+
ω2

c20
n2(x, y, z)ψ = 0 (2)

Now, the problem states that the light we are concerned with has a short wave-
length. Thus the wave can be treated as a ray and we can approximate ψ(x)
as:

ψ(x) = A(x) exp

[
i

ε

∞∑
m=0

εmφm(x)

]

ψ(x) ≈ A(x) exp

[
i

ε
φ0(x)

]
(3)

We now plug Eq (3) into the wave equation, Eq (2). I suppress the arguments
of the functions for simplicity:[

− (∇φ0)2

ε2
A+

i

ε
∇2φ0A+

2i

ε
(∇φ0 · ∇A) +∇2A

]
+
ω2

c20
n2A = 0 (4)

We now take the limitε→∞. If we also assume that A(x) is slowly varying (so
that ∇2A ≈ 0) the dominate term in Eq (4) becomes:

−(∇φ0)2A = −ω
2

c20
n2A

(∇φ0)2 =
ω2

c20
n2 (5)
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Which is just the Eikonal equation as expected. Expanding the previous equa-
tion out: (

∂ψ0

∂x

)2

+

(
∂ψ0

∂y

)2

+

(
∂ψ0

∂z

)2

=
ω2

c20
n2(x, y, z) (6)

Thus, we will only be able to solve the ray equations if:

φ0(x) = φx(x) + φy(y) + φz(z)

We furthermore need n2(x, y, z) to respect this structure as well, or

n2(x, y, z) = a(x) + b(y) + c(z)

b.)

Question: In the case of a.), calculate the Eikonal phase φ(x)
Assuming the condition of part a.) are true:(

∂φx
∂x

)2

+

(
∂φy
∂y

)2

+

(
∂φz
∂z

)2

=
ω2

c20
[a(x) + b(y) + c(z)]{(

∂φx
∂x

)2

− ω2

c20
a(x)

}
+

{(
∂φy
∂y

)2

− ω2

c20
b(y)

}
+

{(
∂φz
∂z

)2

− ω2

c20
c(z)

}
= 0

For the above to be true at all points in space, each of the bracketed terms must
be equal to some constant. Let’s define:{(

∂φx
∂x

)2

− ω2

c20
a(x)

}
= f1{(

∂φy
∂y

)2

− ω2

c20
b(y)

}
= f2{(

∂φz
∂z

)2

− ω2

c20
c(z)

}
= f3

Where fi is a constant for i = 1, 2, 3. We can thus write:

∂φx
∂x

= ±

√
f1 +

ω2

c20
a(x)

∂φy
∂y

= ±

√
f2 +

ω2

c20
b(y)

∂φz
∂z

= ±

√
−(f1 + f2) +

ω2

c20
c(z)
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We can now integrate these equations to arrive at the final form for the Eikonal
phase, φ(x):

φ(x) = ±
∫
dx

√
f1 +

ω2

c20
a(x)±

∫
dy

√
f2 +

ω2

c20
b(y)dy ±

∫
dz

√
−(f1 + f2) +

ω2

c20
c(z)
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